When a flowing fluid is channeled by chemical or physical precipitation, then tubular structures form. These patterns are common in nature, however, there have been few quantitative studies of their formation. Here, we report measurements of the radius, length, and internal pressure, as functions of time and flow rate, for precipitation tubes growing in chemical gardens. Using these measurements we develop models for how single tubes grow and also for how multiple tubes interact with each other. In particular, when multiple tubes grow from the same source they compete for resources; short/wide tubes have less resistance to flow, and so consume more of the resources, "killing" the growth of long/narrow tubes. These tube interactions are described by an equation similar to an unstable logistic equation.
I. INTRODUCTION
Tubular structures containing flowing fluids are a common pattern in biology, engineering, geology, and chemistry. While in biology and engineering these systems arise to perform a "function," in the other areas they self-construct. Examples of the latter include soda straws in caves, 1 chimneys at hydrothermal vents, 2 brine icicles (brinicles) under sea ice, 3 lava tubes, 4 corrosion tubes, 5 the fibrils observed in cement formation, 6 and chemical gardens, also called silicate gardens or chemobrionics. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] Of all these structures the easiest to study in the lab are chemical gardens, which form when metal salts are placed in a solution of silicate or a similar anion. Chemical gardens have been studied for over 300 years 7 and are a popular chemical education activity. Interest in chemical gardens initially arose because of their many similarities to biological systems. Recently, there has been a resurgence of interest in these systems, in part because they may form the basis for new technologies where structures are grown instead of being assembled from separate parts.
While the morphology space of possible patterns in chemical gardens is large, the single most common structure is an upward growing tube, see Fig. 1 . The number of tubes simultaneously growing from a single source may vary from one to a couple dozen or more. Also, a variety of qualitatively different mechanisms have been reported for how these tubes grow. Smooth flow out of open tubes is the most common process but there is also periodic rupturing of closed tubes, 12, 17, 18 bubble driven tube growth, 15 and continuous mid-tube spreading. 19 The number and type of tubes produced depends on details such as which chemicals are used, their concentrations, and on how the chemicals are introduced into each other.
Here, we report on quantitative studies of some open tube chemical garden systems. We focus on situations where only a small number of tubes are growing at any one time. Our goal is to develop a quantitative model describing how single tubes grow and also how multiple tubes growing from the same source influence each other. These results may have implications for other self-constructing tubular structures.
A schematic of the typical growth processes in chemical gardens is shown in Fig. 2 . A semi-permeable membrane forms around the metal salt solution forming a chemical cell. Osmosis then drives water through the membrane into the chemical cell and out-flowing metal salt solution creates the precipitation tubes. The metal salt in the chemical cell may be in solid form, such as crystals or pellets, 11 or in a solution which is pumped 15 or dripped.
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II. METHOD
For our experiments we chose to study AlCl 3 in 1.5 M sodium silicate solution. These conditions were chosen because they tend to produce only a small number of tubes at any one time. The metallic salt was introduced into the silicate solution in two different ways: in the form of a pellet and by pumping a solution of dissolved aluminum chloride.
For the pellet experiments, aluminum chloride hexahydrate crystals were first ground and then compressed into a pellet with a diameter of 10 mm and a height of 3 mm. The pellet was then dropped into a container 100 mm × 100 mm that was filled to 80 mm with the silicate solution. The tube growth was videotaped to allow measurements of tube height, z, and external radius, R, as a function of time.
For the pumping experiments, two metal salt concentrations were used: 0.50 M AlCl 3 and 0.75 M NaCl (concentration A) and 0.40 M AlCl 3 and 0.50 M NaCl (concentration B), see Table I . These metal salt concentrations were chosen to match those found in mass spectrometer measurements of the fluid inside of the tubes growing from the AlCl 3 pellets. The sodium silicate solution was in a 500 ml graduated cylinder with an inner diameter of 48 mm that was filled to a depth of 280 mm. The aluminum chloride solution was pumped through a plastic tube at the bottom of the graduated cylinder. The inner diameter of this tube was 0.5 mm and the outer diameter was 4 mm. The pressure was measured using a PASCO low pressure sensor connected to this tube just below the graduated cylinder.
A peristaltic pump was used to grow tubes for at least 6 different flow rates for each concentration. For each concentration and flow rate, at least four single tube observations were made. For each of these observations, the tube growth was videotaped to measure the tube height, z, and external radius, R, as a function of time while simultaneously measuring the pressure at the base, 18 P, at different flow rates, Q.
III. RESULTS AND DISCUSSION
A. Observations of tubes from pellets
A typical observation of tube growth from a pellet is shown in Fig. 3 , which plots tube height, z, versus time. As shown in this figure, the tubes grow smoothly at a constant rate. As a tube grows longer, eventually the membrane at the base ruptures and a new tube grows from the rupture site. chemical cell and, thus, reduce the flow to the older tubes. This causes the older tubes to grow thinner and sometimes during this reduction in size an older tube bifurcates into two narrower tubes-this can be seen in the photo in Fig. 1 (left) and is indicated in the plot of height versus time, Fig. 3 , by the circles. In general, both old and new tubes grow taller at the same rate. After a couple of generations of tube creation the flow rate to an older tube is reduced to the point that then the tube end closes, stopping further growth of that tube.
All of the growth curves in Fig. 3 are approximately parallel to each other. Thus, the growth rate is insensitive to tube diameter. To study this behavior quantitatively in a more controlled setting, pumping experiments were performed. Figure 4 shows the rate of growth, dz/dt, as a function of the pumping rate, Q, for concentrations A and B.
B. Observations of tubes from pumping
For concentration A, the growth rate, dz/dt, is completely independent of the flow rate. This tells us that this growth rate is determined not by fluid dynamics but by chemistry. This is reasonable for a couple of reasons. First, because the dimensionless Reynolds number
(where ρ and μ are the density and viscosity of the metal salt solution), is less than 1 for all tubes observed here, so inertial effects are negligible. Second, because the density difference between the interior and exterior solutions is very small. The measured densities are 1.10 ± 0.01 g/cm 3 for the silicate and 1.105 ± 0.005 g/cm 3 for concentration A. Thus, the buoyant force driving advection of the primary metal salt solution is apparently negligible. There are, however, two secondary buoyancy effects: the density of the tube membrane is less than that of the fluid (the membranes rise when severed from the rest of the structure) and also membrane formation lowers the concentration of silicate solution near it, causing the depleted silicate solution to be less dense than the surrounding solution. These secondary effects are presumably the reason that these tubes grow upwards. For concentration B, the growth rate dz/dt does increase slightly with the pumping rate Q. This is reasonable because the density of concentration B is 1.060 ± 0.005 g/cm 3 which is 4% less than that of the exterior solution. Thus, buoyancy will now directly drive some advection of the interior solution, which increases the tube growth rate. It is reasonable for buoyancy effects to increase with the flow rate Q as observed because the dimensionless ratio of the buoyant force to the viscous force, ρgR 4 /μQ, increases with Q (since R 2 is approximately proportional to Q, see following discussion).
Quantitative measurements of tube growth rates have been made by other authors for chemical gardens, but only for the case when the interior concentration is much lower. 14 In those conditions the buoyant force is larger and the rate of chemical reactions is smaller, hence most of the interior solution does not react with the exterior solution but instead rises in a fluid plume. Then the tube growth rate is typically not constant but decreases with height because the interior solution becomes less concentrated away from the tube base due to diffusion and depletion from precipitation formation.
14 Such effects were not observed here, presumably because of the higher concentrations and particular metal salt used in our experiments. The tube exterior radius, R, was also measured in our pumping experiments. Typically, there were some fluctuations in the radius of a tube as it grew, but in general the average radius of a single tube did not vary with height when the flow was constant. Figure 5 shows the average radius as a function of pumping rate, Q. Higher flow rates correspond to wider tubes. This is readily understandable from a simple model. For both concentrations A and B, the concentrations are so large that there are little or no nonreactive plumes above the tube, instead the metal salt solution either forms membrane or stays inside the tube. Thus, we model the tube volume as being proportional to the volume of the metal salt solution,
where α is a dimensionless constant. It is expected that α will be bigger than 1 because the interior solution is combining with some of the exterior solution to form the membrane and because the membrane has a density less than that of either solution. Solving this equation for R, and using the observed values of dz/dt, gives the dashed lines in Fig. 5 with α = 2.8 for concentration A and α = 1.1 for concentration B.
The size of the tube for concentration A is larger presumably because it has a higher concentration of AlCl 3 and so combines with more of the sodium silicate solution to form more precipitate. It is useful to phenomenologically parameterize the relationship between the exterior tube radius, R, and the flow rate, Q, as
where λ is a proportionality constant and γ is a scaling exponent. Using the measured scaling behavior of dz/dt from Figure 5 shows that the dashed lines with these slopes are in reasonable agreement with the observed data.
Our measurements indicate that as the metal salt concentration is lowered the importance of advection grows. This trend is expected to continue until the limit when precipitation occurs around a mostly nonreactive, buoyant plume. Then laboratory observations of chemical gardens 13 and of brinicles 21 show that the tube radius scales as that of the laminar fluid plume-with the dimensionless ratio ρgR 4 /μQ approximately being constant so that γ = 0.25. Thus, the range of physical values for the scaling exponent γ for open, precipitative tube growth appears to be 0.25 ≤ γ ≤ 0.5 ( 4 ) with the upper limit corresponding to large metal salt concentrations with no primary advection and the lower limit to very small metal salt concentrations with large advection. While density differences cause the upward growth of the tubes, these are just one contribution to the forces acting on the fluid. The pump, be it osmotic or mechanical, also contributes to increasing the pressure in the base which pushes the fluid through the tubes. Pressure measurements are common in tubular structures produced by engineering or biology. Such measurements were made once before in chemical gardens to examine periodic tube growth 18 and here they are used to elucidate the dynamics of open tubes.
A pressure sensor was included into our pumping apparatus just below where the tube entered the experimental vessel. When pumping at a constant rate, a long single tube would grow from the nozzle at the bottom of the graduated cylinder and the pressure was generally observed to increase smoothly and linearly with the tube length. However, to mimic the behavior of the pellet experiments, and observe the pressure changes associated with tube creation, we created a chemical cell of metal salt solution roughly a centimeter across by initially pumping at a large rate for a short time. Then the pumping rate was reduced to the much lower values where FIG. 6 . Plot of base pressure, P, versus time in a chemical cell from which several tubes grow. The sharp drops correspond to the chemical cell rupturing and a new tube being created. The interior solution is concentration B. The "chemical cell" was created in a pumping experiment to mimic those of the pellet experiments by pumping at a high rate for a short time to create a large "bubble" of membrane, and then the pumping rate was reduced.
long, slender tubes were observed. Figure 6 shows a representative measurement of the pressure versus time from such a chemical cell. The figure shows the linear growth in pressure associated with tube growth, the sharp drops in pressure from a rupture near the base, and the subsequent increase in pressure as a new tube grows from the rupture sites.
These pressure observations have several qualitative implications. One is that the growing tube end must be open to the surrounding fluid, so that the pressure there is approximately the external pressure, otherwise relaxation oscillations on short times scales would have been observed. 18 Also, the pressure increase with length explains why new tubes are created as observed in Fig. 3 . The increase in pressure causes the stress in the membrane to increase. This increase will be largest the farthest from the open end, at the base in the chemical cell. When the pressure difference across the base membrane reaches a critical value it ruptures, 17 creating a new tube at the rupture site. This decreases the internal pressure and also the flow to the older tubes. If the flow rate through an older, longer tube reaches too low of a value, the tube end seals itself and its growth stops. Thus, short tubes "kill" the growth of longer tubes.
The observed increase in pressure with tube length must occur because of the viscous drag of the fluid flowing through the tube. While the observed pressure change with tube length was generally linear, this might not have been the case. For example, if the tube walls were porous, such that fluid leaked out of the sides, then Q would decrease along the tube length and P would grow more slowly than linear. Conversely, P could grow faster than linear if osmosis occurred along the tube walls and drove fluid into the tube, causing Q to increase with length. The fact that the observed growth for single tubes was generally linear suggests that the fluid flow was similar to that through solid pipes.
The measured rate of pressure change with tube length is shown in Fig. 7 for the different pumping rates and concentrations. The Reynolds number was less than 1 for all tubes, so the flow through the tubes should be laminar. For constant flow at a uniform rate through a uniform solid pipe, the rate of pressure change with height is described by
Here, ρ = ρ exterior − ρ interior is the density difference between the exterior silicate solution and interior metal salt solution, r is the interior tube radius, and g is the acceleration of gravity. The first term is the standard Hagen-Poiseuille laminar viscous pipe drag and the second term is due to gravity. The observed pressure change with height was always positive, so the first term dominated over the second term in all of our measurements. The lines in Fig. 7 are the fits of Eq. (5) to the data with r = f * R, where R is the observed external radius. For concentration A it was assumed that ρ = 0, and the best fit value was f = 0.16. For concentration B both the radius ratio and the density difference were fit to the data and the best fit values were found to be f = 0.27 and ρ = 7 kg/m 3 . The model fits the data well, however, the small values for f are rather surprising. To independently estimate the interior radius we injected air bubbles and watched as they moved smoothly through the precipitation tubes with the fluid. These visual observations suggested radius ratios of f ≈ 0.5-0.7 for concentration B. The small values for f found in the pressure measurements may be due to the interior tube solution containing substantial amounts of diffuse precipitate which restricts the flow of fluid but was pushed aside by the air bubbles.
For the case when the tube radius is approximately the same as that of the nonreactive fluid plume and so R ∝ Q 0.25 (see Eq. (4)), the model in Eq. (5) predicts that the pressure change with height for a single tube becomes approximately independent of the flow rate. The laminar drag should still dominate over the pressure change due to gravity because the drag on the flowing metal salt solution from the stationary precipitation tube will be larger than the drag on the plume from the moving fluid of the silicate solution. Precisely, how much larger will depend on the porosity of the tube walls, how much the tube walls dissolve or thicken with time, 21 and perhaps on the size of the experimental vessel.
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C. Model of multi-tube growth
It is common for multiple tubes to grow simultaneously from the same chemical cell in chemical gardens. Similarly, it is common for there to be multiple branches in lava tube systems. The measurements of single tube growth made here can be used to construct a model of how multiple tubes growing at the same time affect each other. The growth of such tubes is coupled together in two different ways. First, the tubes are coupled because they share the total flow coming out of the source, Q Total .
Q i (t) is the flow rate through the ith tube and is now a function of time to allow for the redistribution of flow between the tubes as they grow. Second, the tubes are coupled because they grow from the same source and so the different tubes have the same pressure at their base. For a chemical garden, the pressure difference across the membrane at the base of the tubes, P, is given by the integration of Eq. (5) along a tube,
Here, the base is taken to be height 0, the subscript i denotes quantities specific for a particular tube, and z i (t) is the height of the ith tube at time t. The tube radius depends on the flow rate at the time that section of the tube was created (see Eq. (3)), so integration is necessary to take into account tube radius changes with height. Equations (6) and (7) describe how the tubes interact with each other between the times when a new tube is created. The redistribution of fluid flow between tubes as they grow can be written as a differential equation for the flow through a single tube by using Eqs. (3) and (7) to derive
Here, the parameters δ , ξ i , and β i have been defined. The parameter δ = 2-4γ is a redefined scaling exponent, with 0 ≤ δ ≤ 1 from Eq. (4). The parameter ξ i (t) is defined as ξ i (t) = (1/ P drag, i )(d P drag, i /dt) with P drag,i = P + ρgz i (t), the part of the pressure difference due to flow through the ith tube. Thus, ξ i (t) is a positive, monotonically decreasing function of time. The parameter β i is defined as
Dynamically, β i is more slowly changing in time. Equation (8) is qualitatively similar to the continuous logistic equation 22 but with the opposite overall sign.
Let us apply Eq. (8) to the situation when multiple tubes with approximately the same height are growing. There are two fixed points, a stable one at Q i * = 0 and an unstable one at Q i * = β i 1/(1-δ ) . For the latter fixed point, for the conditions of concentration A and N tubes started at the same time, Q * = Q Total /N = the average flow rate through the tubes. Thus, large flow tubes gain flow at the expense of small flow tubes which are driven to no flow. The growth of large flow tubes is limited by the overall growth constraints in Eq. (6) which determines how fast ξ i (t) approaches 0. This general behavior can be understood qualitatively from Fig. 7 where we see that, as tubes grow, wide tubes (large Q) increase their resistance to flow more slowly than narrow tubes (low Q), and so wide tubes will tend to acquire more flow as they grow longer and so become wider. Eventually even the wide tubes die, because they get a large resistance to flow from their length, and create younger tubes which then consume the flow.
An example of a wide tube "killing" a narrower tube of equal height can be seen in the photo of tube bifurcation in Fig. 1 (left) . There tube bifurcation created two tubes of different radiuses. The narrower tube grew for a while but eventually closed while the wider tube continued to grow.
At the extreme value of δ = 1 (γ = 1 4 ), where tubes grow from around laminar plumes, the tube competition result is predicted to be different. Then the unstable fixed point in Eq. (8) disappears. As discussed previously for this case, dP/dz is predicted to be approximately the same for all flow rates. Thus, the tubes decouple from each other, so that large and small tubes can grow simultaneously without changes of size, until the next generation of tubes are created.
When multiple plumes are present, the fluid flow around the plumes can lead to tube mergers due to the Coanda effect. 10, 23 However, for the experiments discussed here tube mergers were not observed but instead tube bifurcation was common. In particular, when the flow through a tube was sharply reduced (e.g., due to creation of another tube), tubes were observed to bifurcate roughly one third of the time. Figure (3) shows a pellet where three separate tube bifurcations occurred. There are several possible explanations for tube branching in chemical gardens. 10 Here, a likely explanation is that the precipitation reaction occurs preferentially where the membrane already exists to nucleate the reactionaround the perimeter of the tube. Thus, when flow is reduced and the tube size must shrink, the chemical reaction front will grow more slowly in the middle, causing a bifurcation.
IV. SUMMARY AND CONCLUSIONS
The experiments reported here focus on the dynamics of growing precipitation tubes in chemical gardens. We chose to study a particular system of chemicals and concentrations where only one or a few tubes grow at any one time. This allowed us to more cleanly and quantitatively determine the details of how these tubes grow. Where possible we have tried to relate our results to other measurements in order to develop a broad picture of open tube growth.
It was found that when buoyancy differences between the interior and exterior solutions are small, the rate of tube growth, dz/dt, is a constant, independent of the flow rate of metal salt solution down the tube. The growth rate is then presumably determined primarily by chemical diffusion rates and the rates of chemical reactions. This growth rate determines other properties of the tube such as its radius, as described in Eq. (2) . As the metal salt concentration is lowered and buoyancy effects become more important, the growth rate increases and so decreases the tube radius. This trend leads to the case studied by other authors for chemical gardens 13, 14 and brinicles 21 where buoyancy effects dominate and tubes grow around fluid plumes.
Our measurements of the pressure at the base of the growing tubes reveal much about the dynamics behind tube growth. The measured increases in pressure with tube length, dP/dz, are well described by laminar Hagen-Poiseuille drag with a small correction for density differences. These observations explain why new tubes are created at the base and why older tubes eventually stop growing. Also, these measurements lead us to a model of what happens when multiple tubes grow simultaneously.
The dynamics of multiple tube growth can be described quantitatively by a simple, nonlinear differential equation similar to the logistic equation but with the opposite sign. These equations can be solved easily to yield the tube radii as a function of height; however, the differential equations are sufficient for revealing the stable steady states and the connection of multiple tube growth to the dynamics of competition. In particular, the model predicts that for a system of two growing tubes with equal length the symmetric flow state is unstable. This predicted behavior agrees qualitatively with our observation of fat tubes "killing" the growth of skinny tubes of the same length. More generally, it is interesting to note that these dynamics are qualitatively similar to that of another fluid system coupled by pressure and volume conservation, the popular two balloon demonstration. 24, 25 The work here on fluid flowing through a precipitation structure is a complement to the many recent studies of systems where the fluid flows over the precipitate to produce structures such as icicles 26 or terraces. 27 However, it is difficult to say how much our results generalize to the many different tubular precipitation systems. Certainly, the experimental methodology used here can be easily extended to other chemical garden systems with different chemicals or concentrations-and to laboratory experiments on brinicles 21 and lava tubes. 28, 29 Also, our model for how growing tubes interact follows from basic physics and, thus, should be applicable to many different systems. There is much that can be learned by studying how chemical gardens grow.
